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A P O W E R - T Y P E  R H E O L O G I C A L  LAW IN A S L O T  C H A N N E L  
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The peristalt ic motion of a non-Newtonian liquid with a power-type rheological law in a slot 
channel with elastic, deformable walls is considered. Using the asymptotic method of 
"narrow bands", the velocity distributions in the channel are  derived in t e rms  of certain 
defining parameters .  

An analysis of the flow of liquids through channels with elastic, deformable walls is of particular in-  
te res t  when studying the operating conditions of peristalt ic pumps, which are  widely employed in the pum- 
ping of physiological and structural media [1, 2]. In contrast to ordinary kinds of pumps (centrifugal, 
pinion, e tc . ) ,  peristalt ic pumps never lead to the separation or disruption of the structure of the liquids 
being pumped. 

In general the peristalt ic flow of the medium is caused by the combined action of the deforming 
channel walls and the pressure  gradient applied along the axis. The elastic walls of the working part of 
the peristalt ic pump channel are  directly deformed by external action. 

In this paper we shall consider the flow of a non-Newtonian liquid with a power-type rheological law 
[3] in a slot channel, the elastic walls of which are  deformed inaccordance  with the equations of a traveling 
wave y = • t) having a wavelength much greater  than the mean diameter of the channel (Fig. 1). It is 
obvious that there  is a certain reference system, moving in the direction of the channel axis (x) at a velocity 
W relative to the walls, in which the shape of the upper deformed wall is given (independently of time) by 
the equation y = F(x); this reference  system will in future be called the "moving" system in contrast to the 
"stationary" system in which the channel walls have no axial displacements. If the flow of liqui d in the 
moving reference system is also independent of t ime, the corresponding peristal t ic motion will be a eteady- 
state process;  it is the case with which we shall now be concerned. 

The equation of steady-state motion of a non-Newtonian liquid with a power-type rheological law may 
be written in the form 

(vv) v ~ --  vP + VS, (1) 
rt--1 

2 

/_z f - - -  

Fig. 1. Picture of the flow of liquid in a channel with 
elastic deformable walls. 
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Fig .  Distrii}ution of the x projec t ion  of the veloci ty  in va r ious  c r o s s  
sec t ions  of the  channel (a) and the y projec t ion  of the veloci ty  in the 
sec t ions  x = X/4 and x = 3/4 X (b) for  the va lues  n = 0.6 (broken l ines) ,  
1 .0  (continuous l ines) ,  and 1.4 (dotted and dashedl ines)  and va r ious  
va lues  of w (the or igin  x = 0 is  p laced under  the c r e s t  of the wave; 
the  calcula t ions  a r e  c a r r i e d  cut for  the values  Re n 100; A = 0.2; ~=10) 

h e r e  vS-- 0si j /0xi ;  s i- = 2k [2f~]n--1/2 f v '  sij  i s  the devia tor  of the s t r e s s  t ensor ;  f.. i s  the de format ion  
�9 J J J Z: l  

(strain) ve loci ty  t enso r ;  k, n a r e  the rheologica l  constants  of the medium,  and the r e s t  of the nomenc la tu re  
is  obvious [3]. 

Taking H (the mean  half  width of the channel) and Q {half the mean  r a t e  of flow), as  c h a r a c t e r i s t i c  
quant i t ies  we m a y  c h a r a c t e r i z e  the motion of.the l iqu idbya  g e n e r a l i z e d R e y n o l d s n u m b e r R e  n =0k-~Q2-nH2(n -I) 
and the d imens ion le s s  veloci ty  w = WH/Q. In the moving r e f e r e n c e  sy s t em the equations of mot ion 
( 1 )  wri t ten  in d imens ion les s  f o r m  re l a t ive  to  the s t r e a m  function r (v 1 = --0r  v 2 = ~r a r e  r e s p e c t i v e -  
ly the y and x p ro jec t ions  of the  velocity) take  the  following f o r m :  

.. 0r  O ~  O~ 02~ Op o; ~-1 a 

�9 Oy OxOtd Ox Oy z Ox R% 3y 

a0) (2) n - - 1  [ 0(o 02~b ( 0 ~ ,  O=~))] - 4 - - -  03 n-z 2 A_, .. . 

' R %  _ Ox OxOy '" Oy 092 Ox ~ ' 

Oq~ O'~ O~ O2v# O p oY ~- ~ O 

@ ax ~- ax axa---yj = ,  a ~  ~ R% Ox h~b 

Re----j-- % axav ax , av ~ - -  ax--- T-  . (3) 
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Change in  the  p r e s s u r e  drop a long  the  ax i s  be tween  
the  c r o s s  s ec t i ons :  I) x = 0 and x = ~,; II) x = X/2 and x = 3/2  
fo r  the  v a l u e s  a) w = 0; X = 10; b) w = 4 . 0 ;  ~ = 10. B r o k e n  
c u r v e s  n = 0 .6 ;  c o n t i n u c u s c u r v e s  n =  1 .0 ;  dotted and dashed 
c u r v e s  n = 1 . 4 .  

a x '  ay ~ 

If  we e l i m i n a t e  the  p r e s s u r e  p f r o m  E q s .  (2) and (3) we have  

ay \OxOy ~ Ox 3 . " Ox20y = Re.. AA~--  
( n - - 1 ) ( n - - 2 ) m ~ - 3  

Ren 

ax ay axay -r  ay, : ax" 

' Re,, axav OxOv . ay ~ 

(oo (oo 
Oy ax @3 O~Tffy + ay 

Ox 2 ay 2 Ox ~ 

a 1~ : ao o Ar 
ay 8x  Ox 

( ao 0,)] + 2 00) a3~ + 
ax ax@ ~ ay ax-~y " (4) 

In  the  m o v i n g  r e f e r e n c e  s y s t e m ,  at  t he  uppe r  wal l  of the  channe l  y = F (x) the  s t r e a m  func t ion  ~ should 
sa t i s fy  the  cond i t ions  
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Ox @ dx (5) 

where  q = 1--w is the d imens ionless  relative�9 ra te  of flow of the liquid. The conditions imposed upon the 
s t r e a m  function ~b in the cen te r  of the channel y = 0 a r e  wri t ten i n , h e  fo rm 

, = o ; ~  = o .  oy~ (6) 

The solution to the p rob lem (4)-(6) may be der ived on the basis  of the asymptot ic  method of "nar row 
bands" [4, 5]. Following the general  scheme of this  method we make the formal  substitution x ~ x / e ,  where 
e is  a small  p a r a m e t e r  cha rac t e r i s t i c  of the "na r rowness"  of the band (for example,  the ra t io  of the mean 
half  width of the channel to  the wavelength of the deformat ions  at the walls of the channel H//9;  all the f o r e -  
going equations and boundary conditions then contain the small  p a r a m e t e r  e, so that we may now seek the 
solution to  Eq .  (4) in the fo rm  of an asymptot ic  expansion in s: 

~ s ei$i. (7) 
i~O 

In o r de r  to de te rmine  the ze ro  approximation ~o we have: 

0 ~ (0~,o a~,o ~  
kay'  / o, (8) 

which is  to be solved with the boundary conditions (5) and (6i; in the ze ro  approximation these  respec t ive ly  
take the fo rm 

(~0 y=F(x) O~O y=F(x) *olu=/,(x) = q; - ~ x  = wFx; 

= - - w ;  ~o!~=~=0; a2vg~ [ = 0 .  
OY ~ lu=o (9) 

The function 

Ii.2 rift.- 1 
T tt 

% = ( n ~  1)(n@2)C~ (C194- C2) IClY-r- C2] -~C~y-F C~, 

_ { 2 . , +  1 'C  
C1 = . ~ 2.+, I (q + wF)lq + wFln-x; C~ = O, (10) 

"riP n - 

Ca-- n + l [ w n @ ( 2 n + l ) @ ]  " l  ' C4==0' 

is the solution of Eq.  (8) sat isfying the conditions (9). We see f rom the solution (10) that  in those c ro s s  
sect ions of the channel x fo r  which w > [1--F(x)] -1 > 0,the liquid flows in the negative direct ion of the axis 
("counterf low").  We note that the exis tence of zones of r e v e r s e  flow for  v iscous  Newtonian l iquids was 
d iscussed  e a r l i e r  in [6, 7], although no quantitative c r i t e r i a  were  der ived for  the appearance  of these  zones .  

In o r de r  to de te rmine  the f i r s t  approximation we have 

n(n- -1)  0 { 0~,o .-3[ ~ ( o~% ~ o ~  

_i~_ 03~)0 02*0 02~1 ]} ~. O*O 03~) 0 01~0 03 .0  

' ' Oy 3 Oy ~ Oy e ' O/J OA'Oy 2 OX Oy 3 ' 

%T~=p(~ = O; 0% = O; ~ O; , 1 =0 ,  = %~=o ---0; ~ . 

(11) 

whence 

(12) 
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H ere 
1--n 1--n n4-1 

t~ R% 
! C " ~ �9 n ~ e .  j c~ l  " y " ; ~ o = - -  ,I u , 

D'l = ( n +  1)(2n + 1) " n +  1 " 

-O-a = n2Re n .20=n~ 3n+=o 2n ~ ~- , 
2(n-~ 1)~(2n. I ) (3n+2)  lUll '~ p " iQIC~--c~IC~I. 4 3(n-i- 1)(4n+3) lC~] Id'~[v~- ' 

. . . .  l - - n  n + t  i n + l  

C . =  ( n + l ) ( a n + 2 )  ]C~] " f '~ Caid~]-- r , C 6 = 0 ;  (n + 1)(4n + 3) } C~tW]r " " 
20--n)  2(n/l-D 

n 2 l~e n n [ �9 , 
C , =  2 ( n +  1)2(2n+ 1)(3n+2) Ic,I " .F ~!C*I5~--CiC*} 

4n 2 '~ n+* l 
+ Nn + 1)(4n -,- 3) to*} '~ }d,}F '~ j �9 C 8 = 0; Ci -- dC, (i = I; 3). 

�9 ' . dx 

We have thus constructed an asympto t ic  solution for  the s t r e a m  function ~b in the moving r e f e r e n c e  
sy s t em,  to an accu racy  l imited by t e r m s  of the o rde r  O (e2). Applying this  solution to the Minsk--2 c o m -  
puter  we calculated the veloci ty  p rof i l es  and p r e s s u r e  d .rpps along the axis  of the channel for  the pa r t i cu l a r  
case  in which the deformat ion  of the e las t ic  walls  of the channel in the "s ta t ionary"  r e f e r e n c e  s y s t e m  was 
desc r ibed  by the  law of a monochromat i c  wave 

y = F (x, t) -~ l + A sin 2:~ ( t x )  - T - ~  ( 0 < A <  1), (13) 

where  A, T,  ~/= A/H a r e  r e spec t ive ly  the ampli tude,  per iod ,  mid d imens ion less  wavelength.  

F igure  2a and b i l l u s t r a t e s  the dis tr ibut ion of the x and y veloci ty  p ro j ec t i ons  in re la t ion  to the defining 
p a r a m e t e r s  of the p rob l em ,  the case  w = 0 cor responding  to flow in a cor ruga ted  channel .  

The p r e s s u r e  dis tr ibut ion inside the channel m a y  be de te rmined  if the asympto t ic  express ion  constructed 
fo r  the function r i s  substi tuted into Eqs .  (2) and (3). 

F igure  3, I i l l u s t r a t e s  the p r e s s u r e  drop along the axis  of the channel between the sec t ions  x = 0 and 
x = X (Fig. 2a) in re la t ion  to the ra t io  A/X. Whereas  for  a p r e s s u r e  drop Ap = 0 the motion of the liquid 
t akes  p lace  solely on account of the deformat ion  of the e las t ic  walls  of the  channel,  for  Ap # 0 the motion 
t akes  place  by v i r tue  of the act ion of the p r e s s u r e  gradient  as  well as  the deformat ion  of the walls  ; for  
Ap > 0 t h e s e  ef fec ts  oppose one another .  

F igure  3,II  i l lus t ra tes  the p r e s s u r e  drop along the axis  of the channel between the sect ions  x = X/2, 
x = 3/2 X. (Fig. 2b). 

N O T A T I O N  
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f~l ,  ~ 2 ,  ~ 3 ,  �9 �9 �9 

a r e  the Car tes ian  coordinates;  
Ls the phase  veloci ty  of the wave along the channel walls;  
~s the function desc r ib ing  the shape of the deformed wall; 
xs the  densi ty  of the  medium;  
I s  the veloci ty  vec tor ;  
i s  the p r e s s u r e ;  
i s  the devia tor  of the s t r e s s  t enso r ;  
i s  the deformat ion  r a t e  t e n s o r ;  
a r e  the rheologica l  constants ;  
Is  the  genera l ized  Reynolds  number ;  
ts half the mean flow rate ;  
Is  the half  width of channel; 
i s  the s t r e a m  function; 
i s  the d imens ion less  re la t ive  flow ra te ;  
i s  t h e  d i m e n s i o n l e s s  p h a s e  v e l o c i t y ;  

Is  the  smal l  p a r a m e t e r ;  
i s  the wavelength of the deformat ions  at the walls;  
i s  the d imens ion le s swave leng th ;  
a r e  unknown functions; 
i s  the ampli tude of the wave; 
i s  t h e  p e r i o d  of  t h e  w a v e .  
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